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Abstract. The thermodynamic stability conditions (TSC) of nonadditive and compos-
able entropies are discussed. Generally the concavity of a nonadditive entropy with re-
spect to internal energy is not necessarily equivalent to the corresponding TSC. It is
shown that both the TSC of Tsallis’ entropy and that of the κ-generalized Boltzmann
entropy are equivalent to the positivity of the standard heat capacity.
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1 Introduction
It is well known that the conventional thermodynamic stability condition (TSC) [1] is the concavity
of the Boltzmann-Gibbs (BG) entropy SBG with respect to internal energy U , i.e.,
∂2SBG
∂U2
< 0, (1)
which is also equivalent to the positivity of heat capacity C ≡ ∂U/∂T , since the temperature T is
defined by
1
T
≡
∂SBG
∂U
, (2)
and
1
C
=
{
∂T
∂(1/T )
}{
∂(1/T )
∂U
}
= −T 2
∂2SBG
∂U2
. (3)
The conventional thermodynamic stability arguments are based on both the extremum principle
and additivity of the BG entropy. Nowadays nonadditive entropies have been extensively considered
in the literature since the generalized formalism based on Tsallis’ nonadditive entropy [2,3] has been
successfully applied to a variety of complex systems. The Tsallis entropy is a generalization of the BG
entropy by one real parameter of q,
Sq ≡
∑
i p
q
i − 1
1− q
, (4)
where pi stands for a probability of i-th state. For the sake of simplicity, we set the Boltzmann constant
to unity throughout this paper. Sq reduces to the BG entropy in the limit of q → 1.
During the early stages of the development of Tsallis’ thermostatistics, Ramshaw [4] pointed out
that the concavity of Tsallis’ entropy with respect to the standard expectation energy U1 ≡
∑
i piEi
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is not sufficient to guarantee the thermodynamic stability for all values of q because Sq is nonadditive.
He derived the TSC of the nonadditive Sq from the TSC of the additive Re´nyi entropy [5]
SRq ≡
ln
∑
i p
q
i
1− q
, (5)
by utilizing the nonlinear functional relation between both entropies
SRq =
ln[1 + (1 − q)Sq]
1− q
. (6)
The present author [6] further studied the TSC of Sq by directly utilizing the nonadditivity Eq. (9) of
Sq, and shown that the resultant TSC is equivalent to the positivity of the standard heat capacity C.
In this paper we discuss the TSCs of nonadditive composable entropies, and show that the TSC of
such a nonadditive entropy is not equivalent to the concavity of the entropy with respect to internal
energy. In the next section, after the explanation of the concept of composability, we briefly review the
standard TSC of an additive entropy. We then discuss the TSCs of two different kinds of nonadditive
composable entropies. The subsection 2.1 deals with the TSC of the Tsallis q-entropy, and in the
subsection 2.2 we consider the TSC of the κ-generalized Boltzmann entropy. It is shown that the TSCs
of the both nonadditive entropies are equivalent to the positivity of the standard heat capacity. The
final section is devoted to the conclusions.
2 Thermodynamic stability conditions of composable entropies
The concept of composability [7] is important and quite useful when we consider a thermodynamic
system which consists of independent subsystems. Suppose a total system consists of two independent
subsystems A and B. If the total entropy of any sort S(A,B) is a bivariate and symmetric function f
of the subsystem entropies S(A) and S(B), i.e.,
S(A,B) = f(S(A),S(B)) = f(S(B),S(A)), (7)
we say S is composable. This means that the total entropy S(A,B) can be built of just the two
macroscopic quantities, S(A) and S(B). Hence we can further discuss the thermodynamic properties
of any composable system without knowing its underlying microscopic dynamics. For example, the
zeroth law of thermodynamics [8,9,10,11] for Tsallis’ entropy has been discussed by assuming the
composability. It is well known that the BG entropy is composable and additive,
SBG(A,B) = SBG(A) + SBG(B). (8)
Tsallis’ entropy is also composable but it’s nonadditive, i.e., so-called pseudo-additive [2,3]
Sq(A,B) = Sq(A) + Sq(B) + (1− q)Sq(A)Sq(B). (9)
Let us now review the TSC of any additive entropy S(U). We denote the maximum entropy of a
thermodynamic system with an internal energy U by S(U). For the sake of simplicity, the internal
energy is assumed to be additive, i.e., U(A,B) = U(A)+U(B), in this paper. It is however worth noting
that Wang [11] has discussed the zeroth and first laws of thermodynamics by utilizing nonadditive
energy expectation value within the framework of nonextensive statistical mechanics.
The essence of conventional thermodynamic stability [1] lies in the entropy maximum principle and
additivity of S(U). It is known that the relation between the concavity of S(U) and the standard
TSC is straightforward as follows. If one transfer an amount of energy ∆U from one of two identical
subsystems to the other subsystem, the total entropy changes from its initial value of S(U,U) = 2S(U)
to S(U +∆U,U −∆U) = S(U +∆U) + S(U −∆U). The entropy maximum principle demands that
the resultant value of the entropy is not larger than the initial one, i.e.,
2S(U) ≥ S(U +∆U) + S(U −∆U), (10)
which is the TSC of the additive entropy S(U). In the limit of ∆U → 0, Eq. (10) reduces to the
concavity of S(U) with respect to U ,
∂2S(U)
∂U2
≤ 0. (11)
Thus the TSC and the concavity of S(U) with respect to U are equivalent each other when S(U)
is additive. However this is not the case for a nonadditive entropy as we will see in the subsequent
subsections.
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2.1 Tsallis’ entropy
Let us now turn focus on the TSC of Tsallis’ entropy [6]. Taking account of the pseudo-additivity Eq.
(9), the TSC of Sq can be written by
2Sq(U) + (1 − q) [Sq(U)]
2
≥ Sq(U +∆U) + Sq(U −∆U) + (1− q)Sq(U +∆U)Sq(U −∆U). (12)
The physical meaning of this inequality is same as that of the conventional TSC Eq. (10). If we
transfer a small amount of energy ∆U from one of two identical subsystems to the other subsystem,
then the total entropy changes from its initial value Sq(U,U) of the left-hand-side to the resultant
value Sq(U +∆U,U −∆U) of the right-hand-side in Eq. (12). The principle of the maximum Tsallis
entropy demands that the resultant entropy should not be larger than the initial one. The remarkable
difference between Eq. (12) and Eq. (10) is the presence of the nonlinear term proportional to 1 − q,
which originally arises from the pseudo-additivity of Eq. (9).
In the limit of ∆U → 0, Eq. (12) reduces to the differential form
∂2Sq(U)
∂U2
+ (1− q)
{
Sq(U)
∂2Sq(U)
∂U2
−
(
∂Sq(U)
∂U
)2}
≤ 0. (13)
Now we introduce the q-generalized temperature Tq defined by
1
Tq
≡
∂Sq
∂U
, (14)
and the q-generalized heat capacity Cq defined by
1
Cq
≡
∂Tq
∂U
= −T 2q
∂2Sq
∂U2
. (15)
Then Eq. (13) becomes
1 + (1− q)Sq
Cq
+ (1 − q) ≥ 0. (16)
We thus see that only the positivity of Cq, or equivalently the concavity of Sq(U), is not sufficient
to satisfy the TSC of the nonadditive Tsallis entropy. When q ≤ 1, however, the positivity of Cq
guarantees to satisfy Eq. (16) since 1 + (1− q)Sq =
∑
i p
q
i is always positive.
Next we shall consider the relation between the TSC and the positivity of the standard heat capacity.
By maximizing the total Tsallis entropy δSq(A,B) = 0 under the constraint of the total energy
conservation δU(A,B) = 0, we obtain the equilibrium condition for a composite system described by
Tsallis’ entropy,
Tq(A){1 + (1− q)Sq(A)} = Tq(B){1 + (1 − q)Sq(B)}, (17)
which should be equal to the intensive temperature T of the total system [8], i.e.,
T = {1 + (1− q)Sq} · Tq. (18)
By differentiating the both sides of Eq.(18) with respect to U , we obtain the relation between the
standard heat capacity C ≡ ∂U/∂T and the q-generalized heat capacity Cq as
1
C
=
1 + (1− q)Sq
Cq
+ 1− q. (19)
The TSC condition of Eq. (16) is thus equivalent to the positivity of the conventional heat capacity,
C ≥ 0. (20)
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2.2 The κ-generalized Boltzmann entropy
Next we turn focus on another nonadditive composable entropy. Kaniadakis [12,13] has introduced
another type of one parameter deformations of the exponential and logarithmic functions
exp{κ}(x) ≡
[√
1 + κ2x2 + κx
]1/κ
, (21)
ln{κ}(x) ≡
xκ − x−κ
2κ
, (22)
where κ is a real parameter with −1 < κ < 1. In the limit of κ→ 0, the exp{κ}(x) and ln{κ}(x) reduce
to the standard exponential and logarithmic functions, respectively. The κ-deformed exponential and
logarithmic functions have the following properties
exp{κ}(x) exp{κ}(y) = exp{κ}(x
κ
⊕ y), (23)
ln{κ}(xy) = ln{κ}(x)
κ
⊕ ln{κ}(y), (24)
where κ-sum is defined by
x
κ
⊕ y ≡ x
√
1 + κ2y2 + y
√
1 + κ2x2. (25)
Kaniadakis has defined the κ-deformed entropy as
SKκ ≡
∑
i
pi ln{κ} pi, (26)
to construct a generalized statistical mechanics in the context of special relativity [14]. SKκ reduces to
the Shannon-BG entropy in the limit of κ→ 0. The κ-additivity defined by Eq. (25) is the additivity
of relativistic momenta as shown in Ref. [14].
We shall here consider the TSC of the κ-generalized Boltzmann entropy defined by
SBκ (U) ≡ ln{κ}W (U), (27)
where W is the number of microcanonical configurations of a thermodynamic system. SB0 (U) =
lnW (U) is the standard Boltzmann entropy. Note that this SBκ is different from the Kaniadakis κ-
entropy SKκ , which is an entropy a` la Gibbs, whereas the S
B
κ is one a` la Boltzmann. The reason of
using SBκ , instead of S
K
κ , is that it has the composability (the κ-additivity),
SBκ (A,B) = S
B
κ (A)
κ
⊕ SBκ (B). (28)
By utilizing this composition rule we readily write down the expression of the TSC of SBκ ,
SBκ (U,U) ≥ S
B
κ (U +∆U,U −∆U),
2SBκ (U)
√
1 + κ2[SBκ (U)]
2 ≥ SBκ (U +∆U)
√
1 + κ2[SBκ (U −∆U)]
2
+SBκ (U −∆U)
√
1 + κ2[SBκ (U +∆U)]
2. (29)
After some algebra, in the limit of ∆U → 0, Eq. (29) becomes
1 + 2κ2[SBκ (U)]
2
1 + κ2[SBκ (U)]
2
√
1 + κ2[SBκ (U)]
2
{
∂2SBκ (U)
∂U2
−
(
∂SBκ (U)
∂U
)2
κ2SBκ (U)
1 + κ2[SBκ (U)]
2
}
≤ 0. (30)
Since the terms in front of the brace is always positive, the differential form of the TSC of SBκ becomes
∂2SBκ
∂U2
−
(
∂SBκ
∂U
)2
κ2SBκ
1 + κ2[SBκ ]
2
≤ 0. (31)
Furthermore since W (U) is much larger than unity for almost every energy U in conventional thermo-
dynamics situations, SBκ (U) = ln{κ}W (U) is positive for such an energy. Thus the concavity of S
B
κ (U)
guarantees to satisfy the TSC of Eq. (31) unlike the case of the TSC of Tsallis’ entropy. Interestingly
the concavity ∂2SBκ (U)/∂
2U < 0 is the sufficient, but not necessary, condition in order to satisfy the
TSC of SBκ . For example, it is possible to satisfy Eq. (31) even if S
B
κ is convex (or C{κ} is negative).
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Next we turn to the relation between the TSC and the standard heat capacity. We introduce the
κ-generalized temperature T{κ} defined by
1
T{κ}
≡
∂SBκ (U)
∂U
. (32)
Following the similar arguments of the equilibrium condition (or thermodynamic zeroth law) for Tsallis’
entropy in the previous subsection, we obtain the relation between T{κ} and the corresponding intensive
temperature T = T{0} as
T = T{κ}
√
1 + κ2[SBκ (U)]
2 (33)
Alternatively we can obtain this relation from the definition Eq. (32) of T{κ},
1
T{κ}
=
∂
∂U
(
Wκ −W−κ
2κ
)
=
(
∂ lnW
∂U
)(
Wκ +W−κ
2κ
)
=
1
T{0}
√
1 + κ2[SBκ ]
2. (34)
By differentiating the both sides of Eq.(33) with respect to U , we obtain the relation between the
standard heat capacity C and the κ-generalized heat capacity C{κ} ≡ ∂U/∂T{κ} as follows.
1
C
=
√
1 + κ2[SBκ ]
2
{
1
C{κ}
+
κ2SBκ
1 + κ2[SBκ ]
2
}
= −T 2{κ}
√
1 + κ2[SBκ ]
2
{
∂2SBκ
∂U2
−
(
∂SBκ
∂U
)2
κ2SBκ
1 + κ2[SBκ ]
2
}
, (35)
where we used Eq. (32) and the relation 1/C{κ} = −T
2
{κ} ·∂
2SBκ /∂U
2. By comparing Eq (35) with Eq.
(31), we finally find that the TSC of SBκ is also equivalent to the positivity of standard heat capacity
C ≥ 0.
3 Conclusions
We have discussed the thermodynamic stability conditions (TSC) of the two nonadditive composable
entropies, which are the Tsallis and κ-generalized Boltzmann entropies. Unlike the TSC of an additive
entropy, the concavity of a nonadditive composable entropy is not necessarily equivalent to the corre-
sponding TSC in general. It is shown that in addition to the TSC of Tsallis’ entropy, the TSC of the
κ-generalized Boltzmann entropy is also equivalent to the positivity of the standard heat capacity. It
is interesting to further study whether it is common feature to composable entropy.
Nonadditive entropy can provide a basic ingredient in order to describe non-separable or correlated
systems whose thermodynamic behaviors are complex and anomalous. It is worth noting that the
we have derived the TSCs with resort to the composability of the nonadditive entropies. However
composability of systems restricts our consideration to separable systems, which are divisible into
independent subsystems. For non-composable entropies we have not yet known the expression of the
corresponding TSCs.
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